Examples of Recurrence Equations

MERGE-SORT (worst case)

Solve two subproblems of size n/2 each and
perform a linear amount of work to merge the
sorted arrays.

QUICK-SORT (best case). Solve two
subproblems of size n/2 each and perform a linear
amount of work to partition the sorted arrays.

BINARY-SEARCH (worst case)
Compare the key to the mid element (constant

amount of time) and then solve one subproblem
of size n/2.

QUICK-SELECT (an excellent case!)
Partition the array (linear amount of time) and
then solve one subproblem of size n/2.

FIND-MAX(a[], first, last):
if (first == last) return a[first]

mid = first + (last-first) / 2

left
right

FIND-MAX(a, first, mid)
FIND-MAX(a, mid+1l, last)

return MAX(left, right)

FIND-MAX(a[], first, last):
if (first == last) return a[first]

return MAX(a[first],
FIND-MAX(a, first+l, last)

SELECTION-SORT(a[], first, last):
if (first >= last) return

min_index = FIND-MIN(a, first, last)
SWAP (a[min_index], a[first])

SELECTION-SORT (a, first+l, last)

The same recurrence applies also to:

QUICK-SORT (worst case)
QUICK-SELECT (worst case)
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Recursion Tree Method
Ibrahim Albluwi

General Idea. Guess a solution for the recurrence as follows.

1. Draw a recursion tree to visualize the amount of work done.
2 Find the number of levels in the tree.

3. Find the amount of work done at each level.

4 Sum the work done at all levels.

A General Example. Consider the following (special case) recurrence equation.

1 ifn<l1
Tn) = aT(3)+f(m) ifn>1

The recursion tree is a complete tree with the following properties.

1. Number of levels = height + 1.
2. Height = log,n
3. Number of nodes at level i = a'
4. Work done at level i = a' of(%)
height
. n
5. Total amount of work = ) a’ef(—)
i=0 b

A Familiar Example. Consider the following simplified recurrence equation for Merge Sort.
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Example 1. T(n) = 4T(%) +cn ifn>1, ¢

e Height =log, n
e Number of nodes at level i = 4

. cn .
Work done at level i = 4' X 7 =2'Xcn

e Total amount of work:
logy n logy n

Z (2'xcn)=cn X Z 2
i=0 i=0

= cn x (2082 - 1)
cn x2logantl _ oy

cn x2x2onn_cp
=cnX2Xn-cn
= O(n?)

Example 2. T(n) = 3T(§)+\/ﬁ ifn>1,

e Height =logyn

e Number of nodes at level i = 3

Work done at level i = 3 x i=3ix n =3x
Qi (31)2

logg n

Total amount of work = Z \/Z = \/Z X (loggn +1) = \/Z loggn + \/Z = @(\/ﬁ log n)
i=0

ifn<1

1 ifn<1

Jn
v

cn

0 n
37X %0
3, [—
g 5

2 n
3 X %



Example 3.  T(n) = 2T(3)+n* ifn>1, 1 ifn<1

e Height =log, n

e Number of nodes at level i = 2!

o Work at level ¢ =
2

it LNy 2

2x (5 = 5 = () xn
e Total Work =

logy n logy n

= D, (@)xn* = nw’x Y (3
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Example 4. T(n) = 2T(%) +c ifn>1, ¢ ifn<l

e Height =log, n

e Number of nodes at level i = 2!
e Work done at level i =2/ X ¢

logy n
Total amount of work = Z 2ixec
i=0
C
C
C C

logy n
= X Z 2= xRl _ 1) = @)

=0

C 2% c

C 2l % ¢

C c C 2% ¢

c ¢ ¢ ¢ ¢ ¢ 2 xc

C c c C 2" x ¢

23X (22

he ¢ F 2
2 x(zh)



Example 5. T(n) = T(%)+c ifn>1, ¢ ifn<l

e Height = log, n ¢
e Number of nodes at level i = 1/ = 1 C 1 Xc
o Work done at level i =1 X ¢
logy n (& [ X c
Total amount of work = Z ¢ = cX(logyn+1) ;
i=0 ¢ X
= clog,n + c = O(logn)
C
Example 6. T(n) = 2T(n—1)+c ifn>1, ¢ ifn<l
e Height =n -1 c 50
e Number of nodes at level i = 2!
e Work done at level i =2/ X ¢
C C 2
n—1
Total amount of work = Z c X2
i=0 c c c c 2°xc
=cx2"-1
= 012"

Example 7. T(n) = 3T(§)+n2 ifn>1, 1 ifn<l

e Height =log,n
e Number of nodes at level i = 3!

. 3 .
e Work done at level i = 3' x (%)2 = (—) xn?

16
logy n logy n
Total amount of work = (—)xn* = n’x (—)’ < n?x (—)’
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The total work is also clearly Q(n?) since the work at level 0 = n2. Hence, the total work is @(n?%)



n
Note. Consider the sum ak® + ak! + ak?>+ ak’>+ ... + ak” = Zaki.
i=0

If —1<k <1, then the sum is less than Zaki =
i=0

Example 1. Z( )y < i 2 = L _,

1-k

Example 2. 25( )y < i(s 2y = S _ s

Exercises. Solve the following recurrence equations using the recursion tree method.
1. T(n):2T(%)+cn ifn>1, ¢ ifn<l.
2, T(n)=3T(g)+cn ifn>1, ¢ ifn<l.
3. T(n)=T(%)+n2 ifn>1, 1 ifn<l.
4, T(n)=T(g)+log2n ifn>1, 0 ifn<l.
5. T(n)=2T(%)+nlog2n ifn>1, 0 ifn<l.
6. T(n)=4T(%)+n2 ifn>1, 1 ifn<l.
7. Tm)=2Tn—-1+n ifn>1, 1 ifn<l1. (note: Zn:ixzi = (n— 12" 4 2)

i=0

8. T(n)=2T(%)+log2n ifn>1, 0 ifn<l.



Iterative Substitution

General Idea. Repeatedly substitute the value of the recurrent part of the recurrence equation until a pattern

(or a summation) is found.

Example 1. Tn) = c+Tm—-1) ifn>1, TO)=0

T (n)

c+(c+Tn=-2) = 2c+T(n-2)

T(n) 2c+(c+Tn-3) = 3c+T(n-3)

T(n) = 3c+(c+Tn—4)) 4c+Tn—4)

It seems that for some value k < n:
T(n) = kxXc+Twm—k)
Since we stop when k = n:

T(n) = nXc+TO) = cn = O(n)

Example 2. Tn) = n+Tn-1) ifn>1, TO) =0
Tn) =n+ m-1) + Tn-2)
Tm) =n + -1+ m-2) + T(n—23)

T (n)

n+ m-1)4+ n-2)4+ n-3)+ Tnh-4)
It seems that for some value k < n:

Tm) =n+ mw-1)+ n-2)+ -3+ ...+ m—-(tk-=-1) + Tn—-k)
Since we stop when k = n:

Tn) =n+ m-1)+ n-2)+ ®-3)+ ...+ m—m-=1)) + TO)

T(n) = Zi = O@n?)



Example 3. T(n) logn + T(n—=1) ifn>1, TO)=0
T(n) = log(n) + log(n—1) + T(n —2)

T (n)

log(n) + log(n —1) + log(n —2) + T(n —3)
T(n) = log(n) + log(n —1) + log(n —2) + log(n —3) + T(n —4)
It seems that for some value k < n:
T(n) = log(n) + log(n —1) + log(n —2) + log(n —3) + ... + logln—(k—-1)) + T(n —k)
Since we stop when k = n:

T(n) = log(n) + log(n —1) + log(n —2) + log(n —3) + ... + logln —(n—1)) + T(0)

T(n) = Zlog(z’) = log(n!) = O(nlogn)
i=1

Example 4. T(n) = ¢ + 2T(%) ifn>1, T()=c
T(n) = ¢ + 2(c + 2T(%)) =c + 2c + 4T(%)
T(n) = ¢ + 2c + 4(c + 2T(5) = ¢ + 2¢ + 4c + 8T(3)
T(n) = ¢ + 2¢ + 4c + 8(c + 2T(1”—6)) =c¢ + 2c + 4c + 8 + 16T(1”—6)
It seems that for some value k < log, n:
T(n) = 2%ec + 2'ec + 2%2ec 4+ ... + 25 lec + 2’<.T(§)
Since we stop when k = log, n:

T(n) = 2%¢c + 2lec + 2%2ec + ... 4 20022771, 4 Dlo22n, T(])

logp n
¢ X Z 2= ex@PRm _ 1) = 2en—c = O®n)
=0

T(n)



Example 5. T(n) = ¢ + T(%) ifn>1, T()=c

T(n) = ¢ + ¢ + T(%) = 2c + T(%)

T(n) 2c + ¢ + T(%) = 3¢ + T(%)
T(n) = 3¢ + ¢ + T(3) = 4c + T(3)
It seems that for some value k < log, n:

T(n) = kec + T(Z)

Since we stop when k = log, n:

T(n) = clog,n + T(1) = O(logn)

Example 6. T(n)

Il
=
+

1 ny . _
ST(%) ifn>1, T(1)=1

Ty =n + 55 + 5T = n + 5 + 7%

1 1 1
Ty =n+ 5+ (5 +5T(F) =n+ 7+ 5 + 7@

It seems that for some value k < log, n:

T _n n n n IT n
(n)—E+Z+Z+...+4k_1+§(§)
Since we stop when k = log, n:
Ty = L v 2y e L ) -
o= 40 41 42 4logy n—1 2logy n -
logy n—1 1 1
T(n) = ne —)) 4+ —
(n) ( 26 () + -
o) < ne (Y ) +
n ne — —
- prls n
1 4n 1
T(n) < ne( 1)+—§—+—=0(n)
— 3 n

Since the first term in the recurrence equation is n, T(n) is also €(n), which implies that T'(n) = O(n).



