
Examples of Recurrence Equations


MERGE-SORT (worst case)

Solve two subproblems of size n/2 each and 
perform a linear amount of work to merge the 
sorted arrays.

QUICK-SORT (best case). Solve two 
subproblems of size n/2 each and perform a linear 
amount of work to partition the sorted arrays.

T (n) = {
c if n ≤ 1
2T ( n

2 ) + cn if n > 1

BINARY-SEARCH (worst case)

Compare the key to the mid element (constant 
amount of time) and then solve one subproblem 
of size n/2.

T (n) = {
c if n ≤ 1
T ( n

2 ) + c if n > 1

QUICK-SELECT (an excellent case!) 

Partition the array (linear amount of time) and 
then solve one subproblem of size n/2.

T (n) = {
c if n ≤ 1
T ( n

2 ) + cn if n > 1

FIND-MAX(a[], first, last):

    if (first == last) return a[first]


    mid = first + (last-first) / 2


    left  = FIND-MAX(a, first, mid)

    right = FIND-MAX(a, mid+1, last)


    return MAX(left, right)

T (n) = {
c if n ≤ 1
2T ( n

2 ) + c if n > 1

FIND-MAX(a[], first, last):

   if (first == last) return a[first]


   return MAX(a[first], 
              FIND-MAX(a, first+1, last)

T (n) = {c if n ≤ 1
T (n − 1) + c if n > 1

SELECTION-SORT(a[], first, last):

   if (first >= last) return


   min_index = FIND-MIN(a, first, last) 
   SWAP(a[min_index], a[first])


   SELECTION-SORT(a, first+1, last)


The same recurrence applies also to:

QUICK-SORT (worst case)

QUICK-SELECT (worst case)

T (n) = {c if n ≤ 1
T (n − 1) + cn if n > 1



Recursion Tree Method 
Ibrahim Albluwi


General Idea. Guess a solution for the recurrence as follows.

1. Draw a recursion tree to visualize the amount of work done.

2. Find the number of levels in the tree.

3. Find the amount of work done at each level.

4. Sum the work done at all levels.


A General Example. Consider the following (special case) recurrence equation.


                


The recursion tree is a complete tree with the following properties.


1. Number of levels 


2. Height 


3. Number of nodes at level i 


4. Work done at level i 


5. Total amount of work 




A Familiar Example. Consider the following simplified recurrence equation for Merge Sort.


                


1. Number of levels 


2. Height 


3. Number of nodes at level i 


4. Work done at level i 


5. Total amount of work  

 



T (n) = {
1 if n ≤ 1
aT ( n

b ) + f (n) if n > 1

= height + 1.

= logb n

= ai

= ai ∙ f (
n
bi

)

=
height

∑
i=0

ai ∙ f (
n
bi

)

T (n) = {
c if n ≤ 1
2T ( n

2 ) + cn if n > 1

= height + 1.

= log2 n

= 2i

= 2i ×
cn
2i

= cn

=
log2 n

∑
i=0

cn

= cn × (log2 n + 1)
= cn log2 n + cn = Θ(n log n)





   Example 1.      


• 


• 


• 


• Total amount of work:











   Example 2.      


• 


• 


• 





T (n) = 4T ( n
2 ) + cn if n > 1, c if n ≤ 1

Height = log2 n

Number of nodes at level i = 4i

Work done at level i = 4i ×
cn
2i

= 2i × cn

=
log2 n

∑
i=0

(2i × cn) = cn ×
log2 n

∑
i=0

2i

= cn × (2log2 n+1 − 1)
= cn × 2log2 n+1 − cn
= cn × 2 × 2log2 n − cn
= cn × 2 × n − cn
= Θ(n2)

T (n) = 3T ( n
9 ) + n if n > 1, 1 if n ≤ 1

Height = log9 n

Number of nodes at level i = 3i

Work done at level i = 3i ×
n
9i

= 3i ×
n

(3i)2
= 3i ×

n
3i

= n

Total amount of work =
log9 n

∑
i=0

n = n × (log9 n + 1) = n log9 n + n = Θ( n log n)





   Example 3.      


• 


• 


• Work at level i =  




• Total Work =





 




   Example 4.      


• 


• 

• 





T (n) = 2T ( n
2 ) + n2 if n > 1, 1 if n ≤ 1

Height = log2 n

Number of nodes at level i = 2i

2i × (
n
2i

)2 =
n2

2i
= ( 1

2 )i × n2

=
log2 n

∑
i=0

( 1
2 )i × n2 = n2 ×

log2 n

∑
i=0

( 1
2 )i

= n2 ×
( 1

2 )log2 n+1 − 1
1
2 − 1

= n2 ×
1
2 × ( 1

2 )log2 n − 1

− 1
2

= n2 × (2 − ( 1
2 )log2 n)

= n2 × (2− 1
n ) = Θ(n2)

T (n) = 2T ( n
2 ) + c if n > 1, c if n ≤ 1

Height = log2 n

Number of nodes at level i = 2i

Work done at level i = 2i × c

Total amount of work =
log2 n

∑
i=0

2i × c = c ×
log2 n

∑
i=0

2i = c × (2log2 n+1 − 1) = Θ(n)








   Example 5.      


• 


• 

• 


 

                             





   Example 6.      


• 


• 

• 


 

                              
                             





   Example 7.      


• 


• 


• 





The total work is also clearly  since the work at level . Hence, the total work is 


T (n) = T ( n
2 ) + c if n > 1, c if n ≤ 1

Height = log2 n

Number of nodes at level i = 1i = 1
Work done at level i = 1 × c

Total amount of work =
log2 n

∑
i=0

c = c × (log2 n + 1)

= c log2 n + c = Θ(log n)

T (n) = 2T (n − 1) + c if n > 1, c if n ≤ 1

Height = n − 1

Number of nodes at level i = 2i

Work done at level i = 2i × c

Total amount of work =
n−1

∑
i=0

c × 2i

= c × (2n − 1)
= Θ(2n)

T (n) = 3T ( n
4 ) + n2 if n > 1, 1 if n ≤ 1

Height = log4 n

Number of nodes at level i = 3i

Work done at level i = 3i × (
n
4i

)2 = (
3
16

)i × n2

Total amount of work =
log4 n

∑
i=0

(
3

16
)i × n2 = n2 ×

log4 n

∑
i=0

(
3

16
)i ≤ n2 ×

∞

∑
i=0

(
3

16
)i

≤ n2 × (
1

1 − 3
16

) ≤
n2

13
16

≤ 16
13 n2 = O(n2)

Ω(n2) 0 = n2 Θ(n2)



  Note. Consider the sum  .


            If   ,  then the sum is less than  


  Example 1.            


  Example 2.   


Exercises. Solve the following recurrence equations using the recursion tree method.


1. 


2. 


3. 


4. 


5. 


6. 


7.        (note: )


8. 


ak0 + ak1 + ak2 + ak3 + … + akn =
n

∑
i=0

aki

−1 < k < 1
∞

∑
i=0

aki =
a

1 − k

n

∑
i=0

( 1
2 )i ≤

∞

∑
i=0

( 1
2 )i =

1

1 − 1
2

= 2

n

∑
i=0

5( 2
3 )i ≤

∞

∑
i=0

(5 2
3 )i =

5

1 − 2
3

= 15

T (n) = 2T (
n
4

) + cn if n > 1, c if n ≤ 1.

T (n) = 3T (
n
2

) + cn if n > 1, c if n ≤ 1.

T (n) = T (
n
2

) + n2 if n > 1, 1 if n ≤ 1.

T (n) = T (
n
2

) + log2 n if n > 1, 0 if n ≤ 1.

T (n) = 2T (
n
2

) + n log2 n if n > 1, 0 if n ≤ 1.

T (n) = 4T (
n
2

) + n2 if n > 1, 1 if n ≤ 1.

T (n) = 2T (n − 1) + n if n > 1, 1 if n ≤ 1.
n

∑
i=0

i × 2i = (n − 1)2n+1 + 2

T (n) = 2T (
n
2

) + log2 n if n > 1, 0 if n ≤ 1.



Iterative Substitution 
Ibrahim Albluwi


General Idea. Repeatedly substitute the value of the recurrent part of the recurrence equation until a pattern 
(or a summation) is found.




   Example 1.      


   Example 1.        


   Example 1.        


   Example 1.        


It seems that for some value :


   Example 1.        


Since we stop when :


   Example 1.         





   Example 2.      


   Example 1.        


   Example 1.        


   Example 1.        


It seems that for some value :


   Example 1.        


Since we stop when :


   Example 1.        


   Example 1.         


T (n) = c + T (n − 1) if n ≥ 1, T (0) = 0

T (n) = c + (c + T (n − 2)) = 2c + T (n − 2)

T (n) = 2c + (c + T (n − 3)) = 3c + T (n − 3)

T (n) = 3c + (c + T (n − 4)) = 4c + T (n − 4)

k < n

T (n) = k × c + T (n − k)

k = n

T (n) = n × c + T (0) = cn = Θ(n)

T (n) = n + T (n − 1) if n ≥ 1, T (0) = 0

T (n) = n + (n − 1) + T (n − 2)

T (n) = n + (n − 1) + (n − 2) + T (n − 3)

T (n) = n + (n − 1) + (n − 2) + (n − 3) + T (n − 4)

k < n

T (n) = n + (n − 1) + (n − 2) + (n − 3) + . . . + (n − (k − 1)) + T (n − k)

k = n

T (n) = n + (n − 1) + (n − 2) + (n − 3) + . . . + (n − (n − 1)) + T (0)

T (n) =
n

∑
i=0

i = Θ(n2)






   Example 3.      


   Example 1.        


   Example 1.        


   Example 1.        


It seems that for some value :


        


Since we stop when :


        


   Example 1.         





   Example 4.      


   Example 1.        


   Example 1.        


   Example 1.        


It seems that for some value :


   Example 1.        


Since we stop when :


   Example 1.        


   Example 1.         


T (n) = log n + T (n − 1) if n ≥ 1, T (0) = 0

T (n) = log(n) + log(n − 1) + T (n − 2)

T (n) = log(n) + log(n − 1) + log(n − 2) + T (n − 3)

T (n) = log(n) + log(n − 1) + log(n − 2) + log(n − 3) + T (n − 4)

k < n

T (n) = log(n) + log(n − 1) + log(n − 2) + log(n − 3) + . . . + log(n − (k − 1)) + T (n − k)

k = n

T (n) = log(n) + log(n − 1) + log(n − 2) + log(n − 3) + . . . + log(n − (n − 1)) + T (0)

T (n) =
n

∑
i=1

log(i ) = log(n!) = Θ(n log n)

T (n) = c + 2T ( n
2 ) if n > 1, T (1) = c

T (n) = c + 2(c + 2T ( n
4 )) = c + 2c + 4T ( n

4 )

T (n) = c + 2c + 4(c + 2T ( n
8 )) = c + 2c + 4c + 8T ( n

8 )

T (n) = c + 2c + 4c + 8(c + 2T ( n
16 )) = c + 2c + 4c + 8c + 16T ( n

16 )

k < log2 n

T (n) = 20 ∙ c + 21 ∙ c + 22 ∙ c + . . . + 2k−1 ∙ c + 2k ∙ T ( n
2k )

k = log2 n

T (n) = 20 ∙ c + 21 ∙ c + 22 ∙ c + . . . + 2log2 n−1 ∙ c + 2log2 n ∙ T (1)

T (n) = c ×
log2 n

∑
i=0

2i = c × (2log2 n+1 − 1) = 2cn − c = Θ(n)





   Example 5.      


   Example 1.        


   Example 1.        


   Example 1.        


It seems that for some value :


   Example 1.        


Since we stop when :


   Example 1.         





   Example 6.      


   Example 1.        


   Example 1.        


It seems that for some value :


   Example 1.        


Since we stop when :


   Example 1.        


   Example 1.        


   Example 1.        


   Example 1.         


Since the first term in the recurrence equation is ,  is also , which implies that .


T (n) = c + T ( n
2 ) if n > 1, T (1) = c

T (n) = c + c + T ( n
4 ) = 2c + T ( n

4 )

T (n) = 2c + c + T ( n
8 ) = 3c + T ( n

8 )

T (n) = 3c + c + T ( n
16 ) = 4c + T ( n

16 )

k < log2 n

T (n) = k ∙ c + T ( n
2k )

k = log2 n

T (n) = c log2 n + T (1) = Θ(log n)

T (n) = n + 1
2 T ( n

2 ) if n > 1, T (1) = 1

T (n) = n + 1
2 ( n

2 + 1
2 T ( n

4 )) = n + n
4 + 1

4 T ( n
4 )

T (n) = n + n
4 + 1

4 ( n
4 + 1

2 T ( n
8 )) = n + n

4 + n
16 + 1

8 T ( n
8 )

k < log2 n

T (n) =
n
40

+
n
41

+
n
42

+ . . . +
n

4k−1
+

1
2k

T (
n
2k

)

k = log2 n

T (n) =
n
40

+
n
41

+
n
42

+ . . . +
n

4log2 n−1 +
1

2log2 n T (1) =

T (n) = n ∙ (
log2 n−1

∑
i=0

(
1
4

)i ) +
1
n

T (n) ≤ n ∙ (
∞

∑
i=0

(
1
4

)i ) +
1
n

T (n) ≤ n ∙ (
1

1 − 1
4

) +
1
n

≤
4n
3

+
1
n

= O(n)

n T (n) Ω(n) T (n) = Θ(n)


